Abstract. Let K be a complete discrete valuation field with ring of integers R and residue field k of characteristic p > 2. We assume moreover that k is algebraically closed. Let C be a smooth projective geometrically connected curve of genus 2. If K( √ D)/K is a quadratic field extension of K with associated character χ, then C χ will denote the quadratic twist of C by χ. Given the minimal regular model X of C over R, we determine the minimal regular model of the quadratic twist C χ . This is accomplished by obtaining the stable model C χ of C χ from the stable model C of C via analyzing the Igusa and affine invariants of the curves C and C χ , and calculating the degrees of singularity of the singular points of C χ .
Introduction
Let R be a complete discrete valuation ring, K its field of fractions, and k its residue field. We assume moreover that k is algebraically closed and char k = 2. Let ν : K → Z ∪ {∞} be the normalized valuation of K.
Let C be a smooth projective geometrically connected curve of genus g > 0 over K. There exists a regular R-curve X whose generic fiber is isomorphic to C and such that if X ′ is another regular R-curve whose generic fiber is isomorphic to C then X ′ dominates X. X is said to be the minimal regular model of C. The type of the minimal regular model is determined by the structure of its special fiber X k which we are going to call the reduction type of X.
If C is an elliptic curve, then given a Weierstrass equation describing C, Tate's algorithm produces the minimal regular model of C by analyzing the a-and binvariants of C, see [7, Chapter IV, §9] . If C has genus 2, then the complete classification of X k can be found in [5] . The reduction type of X takes one out of more than 120 possibilities.
Let C be a curve of genus 2. Let L/K be the smallest field extension over which C admits a stable model. In [3] , using the stable model of C together with a careful analysis of the Igusa and affine invariants attached to C, Liu reproduced the reduction type of the minimal regular model of C.
If K( √ D) is a quadratic extension of K with associated character χ, we denote the corresponding quadratic twist of the curve C by C χ . If C is an elliptic curve, given the reduction type of the minimal regular model X of C, one can find the reduction type of the minimal regular model X χ of C χ . Indeed, if ν(D) is even, then the reduction type of X χ is the same as the one of X. If ν(D) is odd, then the complete list of reduction types of X χ can be found in [1] . For example, if char k = 2, then type of X k I 0 I n II III IV I * 0 I * n IV * III * II * type of X χ k I * 0 I * n IV * III * II * I 0 I n II III IV If C has genus g > 1, then one may pose the same question on the reduction type of X χ . In [6] , if C has genus g > 0, the description of the special fiber of X χ is given if X is smooth. In this article, given the reduction type of X, we display the reduction type of X χ if the genus of C is g = 2. We first investigate the Igusa and affine invariants attached to C χ and link these invariants to the ones attached to C. This enables us to describe the stable model C χ of C χ and compute the degrees of singularity of its ordinary double points. Then one will be able to construct the minimal regular model X χ from C χ .
Invariants of genus two curves
Let C be a smooth projective geometrically connected genus two curve defined over a field K. If char K = 2, then C is defined by a hyperelliptic equation of the form y 2 = P (x) where P (x) is a polynomial in K[x] of degree 5 or 6 with no repeated roots. If K is the fraction field of some ring R, one may assume that P (x) ∈ R[x]. Let f : C → P 1 K be a finite separable morphism of degree 2. Let σ be the hyperelliptic involution of C. A point x ∈ C(K) is a ramification point of f if σ(x) = x. In particular, the ramification points of f are the zeros of P (x), plus the point at infinity if deg P (x) = 5. Assuming that z 2 = Q(u) is another hyperelliptic equation defining C, there exists 
such that x = au + b cu + d , y = ez (cu + d) 3 .
Assuming that P (x) = a 0 x 6 + a 1 x 5 + a 2 x 4 + a 3 x 3 + a 4 x 2 + a 5 x + a 6 ∈ K[x], one may define the Igusa invariants (projective invariants), J 2i , 1 ≤ i ≤ 5, associated to P (x), see [3] for an explicit description of these invariants. One knows that J 2i ∈ Z[a 0 , . . . , a 6 ][1/2] is a homogeneous polynomial of degree 2i in the a i 's. Moreover, one may define the invariants I 4 = J satisfying the latter equality, then C and C ′ are isomorphic over the algebraic closure of K.
In [3, §2] , Liu introduced the following invariants (affine invariants) attached to P (x): One observes that A i , B 2 ∈ Z[a 0 , . . . , a 6 ]. The invariants A i and B 2 are homogeneous polynomials in the a i 's of degree i and 2, respectively.
Models of genus two curves
Throughout this note R is a complete discrete valuation ring, K its field of fractions, m its maximal ideal generated by t, and k its residue field. We assume moreover that k is algebraically closed and char k = 2. Let ν : K → Z ∪ {∞} be the normalized valuation of K, i.e., ν(t) = 1. The map α → α is the canonical homomorphism from R to k.
For a scheme X over R, X K and X k will denote the generic fiber and the special fiber of X, respectively. Definition 3.1. Let C be a smooth projective curve over K, R ′ a discrete valuation ring dominating R. We say that C is a stable model for C over R ′ if C is a stable curve over R ′ whose generic fiber is isomorphic to C × K K ′ , where K ′ is the fraction field of R ′ .
Therefore, one knows that the singular points of a stable model C of C over R ′ are ordinary double points. In particular, if P is a singular point of C k , then the
The degree of singularity of P in C is the integer ν K ′ (π), where ν K ′ is the normalized valuation of K ′ . The following proposition, [2, Proposition 4] , shows that if the genus of C is positive, then C admits a stable model over a Galois extension of K. Definition 3.3. Let C be a smooth projective geometrically connected curve of genus g ≥ 1 over K. Let L/K be the smallest Galois field extension over which C admits a stable model C, see Proposition 3.2. Then we say that C is the stable model of C. Furthermore, the stable model C of C is unique up to isomorphism.
Let Γ be the set of curves defined over k by y 2 = x 6 + x 4 + x 2 + a, a ∈ k × when char k = 3. Indeed, C k ∈ Γ if and only if 
The special fiber C k of the stable model C of C is either smooth, irreducible with one or two double points, the union of two rational curves intersecting transversally in three points, or the union of two irreducible components intersecting in one and only one point. In the latter case, the two irreducible components are either smooth, singular, or one is smooth and the other component is singular.
The following theorem, [2, Théorème 1], gives explicit criteria for each of these possibilities of C k in terms of the invariants of C.
We set ǫ = 1 if char k = 2, 3; ǫ = 3 if char k = 3; and ǫ = 4 if char k = 2. We define I 2 := 12 −1 J 2 , I 6 := J 6 , I 8 := J 8 . ∈ m.
The following proposition provides us with the degrees of singularity of the singular points of C k . 
2 ). Then 
Stable models of quadratic twists
Let C be a smooth projective geometrically connected curve of genus 2 defined over K. Let y 2 = P (x) be a defining polynomial of C. Let K( √ D) be a quadratic extension of K with associated character χ. Let C χ be the quadratic twist of C by the character χ. One knows that C χ is defined by the hyperelliptic equation y 2 = DP (x). One may and will assume without loss of generality that ν(D) = 0 or 1. The proposition above allows us to assume from now on that ν(D) = 1. 
Proof: One may assume that Proof: Let C be defined by the hyperelliptic equation y 2 = P (x) and 
Minimal regular models of quadratic twists
Let C be a smooth projective geometrically connected curve of genus 2 defined over K. We let σ be the hyperelliptic involution of C. It extends to an involution of the stable model C, which we will denote by σ again. We set Z = C / σ and L the field extension of K over which C attains its stable model, Proposition 3.2. Then Z is a semi-stable curve over R L , the ring of integers of L, whose generic fibre is isomorphic to P 1 L and its special fibre is Z k = C k / σ . Let f : C → Z be the canonical morphism, ω ∈ Z L the point corresponding to x = ∞, ω ∈ Z k its specialization. We say ω is ramified if f is ramified above ω.
In [3] , Liu displayed the possible types for the special fiber of the minimal regular model of C when Z k is either smooth, irreducible and singular, or not irreducible; and when the field extension L/K is tamely ramified. Moreover, he presented the possible reduction types for the minimal regular model of C that appear when L/K is a wildly ramified extension.
In this work, we follow the notation of Liu. In particular, the reduction type of the minimal regular model of C will be given the same symbol as in [3] . Moreover, according to Lemma 4.3, one knows that the special fibers of the stable models of the hyperelliptic curve C and its quadratic twist have the same number of irreducible components and singular points. This reduces the number of possibilities that one needs to investigate in order to find the reduction type of the minimal regular model of the quadratic twist.
Furthermore, in this section we are going to deal with the tamely ramified extensions L/K that occur when one of the conditions of Proposition 3.4 holds. It turns out that when this happens then the field extension L ′ /K over which the quadratic twist attains its stable model is also tamely ramified. Finally, we treat the case of widely ramified extensions in Corollary 5.17.
Throughout this section, any table will contain the reduction type of the minimal regular model of C, the positive integer n which represents the degree of the field extension L/K over which C attains its stable model, the congruence classes of two positive integers r and q mod n, where these integers associated to C are introduced in [3] , and finally the reduction type of the minimal regular model of the quadratic twist of C.
5.1. C k is smooth and L/K is tamely ramified. The following result can be found in [3] . It describes the ramification of the field extension L/K, see Proposition 3.2, and its degree if the special fiber of the stable model is smooth. 5 ∈ m. Moreover, the morphism C → P 1 K is ramified above some rational point
Furthermore, the field extension L/K is tamely ramified in the following situations:
where Γ is the set of isomorphis classes of the smooth proper curves over k defined by
We assume that L/K is tamely ramified. We define n, r, q as follows: The integers r and q in the proposition above are used in the description of the action of Gal(L/K) on C k , and will be used to determine the reduction type of the minimal regular model of the quadratic twist of C.
The field extension L ′ is the field over which C χ attains its stable model, and the degree of the extension extension is n ′ .
, where ν(D) = 1, be a quadratic extension of K with associated character χ. Assume that C is a smooth projective curve of genus two defined by y 2 = P (x) and C χ is the quadratic twist of C by χ defined by y 2 = DP (x). Let n, q, r be the integers attached to C defined in Proposition 5.1, and n ′ , q ′ , r ′ be the ones attached to C χ . We assume moreover that the special fiber of the stable model of C is smooth. If L/K is tamely ramified, then the following statements hold: ∈ m. Again, we use the fact that the invariants of C and C χ are homogeneous in the a i 's to evaluate n ′ , r ′ and q ′ . For (a), one has n ′ is the least common denominator of ν(a . Now, the value for n ′ follows from the fact that
The argument is similar for (b). ✷
We set u 1 = ν(a
Theorem 5.3. Let C be a hyperelliptic curve defined over K. Assume that L/K is tamely ramified and C k is smooth. Let K( √ D)/K be a quadratic extension whose associated character is χ, and ν(D) = 1. If X and X χ are the minimal regular models of the curves C and its quadratic twist by χ, C χ , then the reduction type of X χ is given in the following table.
Proof: We assume that C is given by the hyperelliptic equation y 2 = P (x), deg P (x) = 5 or 6 and C χ is given by y 2 = DP (x). Unless otherwise stated we will assume throughout the proof that ω is non-ramified, since the proof for ω being ramified will be similar. We recall that if C k is smooth, then the special fiber C Assuming that n = 5, and ω is non-ramified, one has 5 is the least common denominator of u 1 /30 and u 2 /10. Now, n ′ is the least common denominator of u 1 /30 u 2 /10 − 1/2. This yields that n ′ = 10. Moreover, r ′ = 2r. Therefore, if the reduction type of X is [IX − i], i = 3, 1, 4, 2, then r = 1, 2, 3, 4 mod 5, respectively, and so r ′ = 2, 4, 6, 8 mod 10, respectively, i.e., the reduction type of X χ is [VIII − j], j = 1, 3, 2, 4, respectively. Assuming that n = 6, ω must be non-ramified. One has 5 | u 1 and 5 | u 2 . If r := 6u 1 /30 = 1 or 5 mod 6, then r = 5u 1 mod 6, and u 1 = 5 or 1 mod 6, respectively. In particular, 2 ∤ u 1 , hence u 1 /30 ∈ 1 6 Z. In this case, the least common denominator, n ′ , of u 1 /30 and u 2 /10 − 1/2 is 6, moreover, r ′ = r and 
5.2.
C k is singular, C k / σ is irreducible, and L/K is tamely ramified. In this section we assume that C k / σ is irreducible and C k is singular. In particular, C k is irreducible with one or two double point; or C k consists of two rational curves intersecting transversally in three ordinary double points. Let C 000 be the stable curve over k consisting of two rational curves intersecting in three points. We set:
if C k is irreducible and rational
The following proposition, see [3] , describes the ramification of f : C → Z over ω, the cases when L/K is tamely ramified, and the field extension L/K over which C attains its stable model. 
We assume that L/K is tamely ramified. We define n, r, q as follows: The following lemma introduces the degree of the field extension, n ′ , over which C χ admits a stable model, and the integers r ′ , q ′ attached to C χ .
Lemma 5.5. Assume that C k is singular and C k / σ is irreducible. Assume that C is defined by y 2 = P (x) and C χ is defined by y 2 = DP (x) where ν(D) = 1. We assume moreover that L/K is tamely ramified. The following statements hold: 
Proof: According to Lemma 5.5, we have three subcases to consider: ω is nonramified, f −1 (ω) is regular, or ω is ramified and f −1 (ω) is singular. Unless otherwise stated, we will assume that ω is non-ramified since the proofs for the other two subcases will be similar. We recall that the degree of singularity of the unique double point in C k is given by ν L (J 
Proof: Unless otherwise stated, we will assume that ω is non-ramified since the proofs for the other two subcases are similar. The integers d 1 and d 2 are the degrees of singularity of the two ordinary double points in C k . Recall that C χ k is irreducible with exactly two ordinary double points, Lemma 4.3. The degrees of singularity of the double points is given in Proposition 3.6.
Assume that the reduction type of X is [
Since n ′ is the least common denominator of u 1 /36 nd u 2 /12 − 1/2, see Lemma 5.5, one has n ′ = 2, r ′ = 2r = 0 mod 2. Therefore, the reduction type of We assume that the reduction type of
If ω is non-ramified, then n ′ = 2, r ′ = r and f −1 (ω) is singular. If ω is non ramified, then 6 | u 1 := ν(B −6 2 J 12 ) and 12 ∤ u 1 . Therefore, n ′ = 2, and r ′ = r, see Lemma 5.5. Thus, the reduction type of X χ is the same as that of X. We assume that the reduction type of X is [III d 1 /2 ] and ω is non-ramified. Since n = 4, one has n ′ = 4, see Lemma 5.5. Thus, the reduction type of X χ is the same as that of X. The same holds when ω is ramified. ✷
One remarks that the degrees of singularity of the two double points in C k when the reduction type of X is either [2I 
Proof: We will assume that ω is non-ramified, unless otherwise stated, since the argument for the ramified case will be similar. The integers d 1 , d 2 , d 3 are the degrees of singularity of the three ordinary double points, and can be evaluated using Proposition 3.6. According to Lemma 4.3, the special fiber C χ k of the stable model C χ is the union of two rational curves intersecting transversally in three double points.
We assume the reduction type of X is [
One knows that if n = 1, then n ′ = 2, r ′ = 2r, see Lemma 5.5. Therefore, the reduction type of
], one has n ′ = 1 and d
]. When n = 2 and r = 1 mod 2, one obtains that n ′ = 2, r ′ = r and q ′ = q − 1. Moreover, the degrees of singularity of the three double points remain the same. 5.3. C k / σ is not irreducible and L/K is tamely ramified. Now, we assume that C k / σ is not irreducible where the field L over which C admits a stable model is a tamely ramified extension. Assuming that char k = 3 and Z k is the union of two projective curves intersecting in one point. The possible divisors of [L : K] are 2 and 3. It follows that L/K is tamely ramified. Letting E 1 and E 2 be the irreducible components of C k , with ω ∈ f (E 1 ), we set:
2 )/12 if C k has a unique smooth component
The degree of singularity of the point of intersection
It follows that the degree of singularity of
The following proposition summarizes the behavior of the stable model in that case. 
, where m is the least denominator of d K , and r = md K .
, and the following statements hold:
′ is the least common denominator of d K and ν(a 0 J 2 )/6 + 1/2, nr ′ = n ′ (r + n/2); (b) If ω is regular and ramified, and
, where m is the least denominator of d K , and r ′ = r.
Proof:
We assume that C is defined by y 2 = P (x) = a 0 x 6 + . . . + a 6 ∈ R[x], and C ′ is defined by y 2 = DP (x) and ν(D) = 1. According to Proposition 5.9, ω ′ is non-ramified if a
∈ R and at least one of the two latter elements are invertible in R. These elements are quotients of homogeneous invariants where the numerator is of the same degree as the denominator, and so each of these quotients is homogeneous of degree 0. Therefore, this is equivalent to saying that a ∈ R and at least one of the two latter elements are invertible in R. This implies that ω ′ is non-ramified if ω is non-ramified. The proofs of (b), (c), and (d) are similar.
Since
′ is ramified and n ′ is the least common denominator of d 
Proof: One knows that if C k consists of two elliptic curves, then so does C χ k , see Proposition 4.3. We assume for now that 2 | ν(J 2 ). Unless otherwise stated, we are assuming that ω is non-ramified since the proof for the other subcases 
Proof: Lemma 4.3 implies that the special fiber C When n = 1, we assume that ω is non-ramified. One has 2 | ν(J 2 ) since n is odd, hence 2 | ν(J ′ 2 ). According to Lemma 5.10, one has n ′ = 2, d ′ = 2d = 0 mod 2. It follows that the reduction type of X χ is given by [ If n = 2 and 2 | ν(J 2 ), we will assume that ω is non-ramified. One has 2 | ν(J 2 ). Moreover, if d is even, then the denominator of d K is 1. Lemma 5.10 implies that n ′ = 1 and d = 2d ′ . Hence, the reduction type of X χ is given by [ Proof: (a) follows from the fact that if is C is defined by z 2 = a 0 Q(u) with Q(u) = (u 
